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Abstract
A fundamentally different approach to path integral quantummechanics in curved
space-time is presented, as compared to the standard approaches currently avail-
able in the literature. Within the context of scalar particle propagation in a locally
curved background, such as described by Fermi or Riemann normal co-ordinates,
this approach requires use of a constructed operator to rotate the initial, intermedi-
ate, and final position ket vectors onto their respective local tangent spaces, defined
at each local time step along some arbitrary classical reference worldline. Local time
translation is described using a quantum mechanical representation of Lie transport,
that while strictly non-unitary in operator form, nevertheless correctly recovers the
free-particle Lagrangian in curved space-time, along with new contributions. This
propagator yields the prediction that all probability violating terms due to cur-
vature contribute to a quantum violation of the weak equivalence principle, while
the remaining terms that conserve probability also correspondingly satisfy the weak
equivalence principle, at least to leading-order in the particle’s Compton wavelength.
Furthermore, this propagator possesses an overall curvature-dependent and gauge-
invariant phase factor that can be interpreted as the gravitational Aharonov-Bohm
effect and Berry’s phase.
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1 Introduction
It is an undeniable fact that the Feynman path integral approach to quantum
mechanics [1,2] has made significant contributions towards the present-day un-
derstanding of theoretical physics, especially in the study of subatomic particle
theory, condensed matter, and statistical mechanics [3]. While as a computa-
tional tool within quantum mechanics it is arguably less relevant for physical
problems that are much easier to solve via the standard canonical quantiza-
tion approach, its inherent value comes from the physical insight it provides on
the relationship between classical and quantum phenomena within a unified
mathematical framework [5]. In terms of a conceptually intuitive view of quan-
tum mechanics as a “sum-over-histories” for all possible classical worldlines in
space-time, the path integral approach is well-suited for better understanding
quantum phenomena in the presence of a classical gravitational background
[6], which may lay the groundwork towards finding a self-consistent theory of
quantum gravity.
At present, this ultimate goal has remained elusive for over 70 years, in no
small part due to the lack of any physical data to provide grounding and
direction for building the theory. Nonetheless, it can be argued that many
useful theoretically-motivated efforts already exist, including the path integral
approach. This is most evident through the pioneering efforts of DeWitt for
developing much of the mathematical machinery now used for this avenue of
searching for quantum gravity [7]. Within a more modest semiclassical context,
such as quantum field theory in curved space-time, many advances have also
taken place from applying a path integral approach—which avoids certain
conceptual issues related to the loss of a global Poincare´ symmetry used to
denote the inherent nature of particles—while recovering interesting physical
consequences originally obtained by canonical methods.
Notwithstanding the standard approaches to path integral quantum gravity
or quantum field theory in curved space-time [3,4,8–11], there are a number
of relevant conceptual questions to raise about the precise physical nature of
quantum particle propagation in a non-trivial gravitational background. For
example, to what extent does the curved space-time manifold have a mathe-
matically smooth structure when applying the path integral approach? Is it
possible to effectively perform the sum-over-histories when the intermediate
classical paths deviate significantly from a classical geodesic? Is the presence
of space-time torsion necessarily required to correctly define the path integral
in curved space-time [3,4]? Are the intermediate classical paths required to
preserve local causality or should they be free to trace out causality-violating
worldlines, including ones that imply propagation into the local past [11]? To
what extent can a coarse-grained skeletonized form of the path integral in
curved space-time be identified with a truly continuum form in the limit as
2
       
       
       
       
       





PSfrag replacements
τ
x
T
X
ξ
UProj.(τ,x)
|xµ〉
|X µˆ(G)(τ,x)〉
Fig. 1. A projection operator UProj.(τ,x) is used to transform the position ket
vector |xµ〉, defined with respect to Fermi or Riemann normal co-ordinates, into
|X µˆ(G)(τ,x)〉 = UProj.(τ,x) |xµ〉 that exists on a local tangent space defined at τ .
Proper time translation of |X µˆ(G)(τ,x)〉 is determined according to Lie transport
with respect to a vector field ξ that is tangent to the reference worldline.
the finitely chosen time step becomes infinitesimally small? In the absence of
physical data, it seems unclear whether any of these questions can be readily
answered.
Instead of addressing these questions outright, the approach taken in this Let-
ter is to consider the idea of path integral quantum mechanics for a scalar
particle from a fundamentally different perspective, while simultaneously pre-
serving Feynman’s original vision to the best extent possible. This is done
by formulating the problem in terms of either Fermi or Riemann normal co-
ordinates and employing the orthonormal tetrad formalism [12] to relate all
quantities with respect to local tangent spaces at successive local time steps.
As a result of taking this approach, a number of interesting physical predic-
tions emerge from the scalar particle propagator that are not readily evident
in the more standard approaches found in the literature—while still preserving
its expected properties in flat space-time. Potentially observable implications
also appear for future consideration. Though full computational details of this
approach will be forthcoming in a much longer publication [13], it is possible
to still outline some of the essential features of this approach. All computa-
tions are performed assuming the curvature conventions of Misner, Thorne,
and Wheeler [14]. As well, c = 1 is assumed throughout.
3
2 Formalism
The key behind this new perspective follows from identifying a classical geo-
metric description of position in Fermi or Riemann normal co-ordinates with
an equivalent representation of a corresponding ket vector in Hilbert space.
Suppose that xµ = (τ,x(τ)) refers to the normal co-ordinate system and
e¯µˆν = δ
µ
ν + R˜
µ
ν is the orthonormal tetrad, such that hatted indices refer to
a local Lorentz frame coinciding with the tangent space, and R˜µν is a two-
indexed space-time curvature dependent contribution, not to be confused with
the Ricci tensor. Given that gµν = ηαˆβˆ e¯
αˆ
µ e¯
βˆ
ν ≈ ηµν +2R˜(µν), it is straightfor-
ward to determine that [15]
F R˜µν =
[
1
2
FRµlm0(τ) δ
0
ν +
1
6
FRµlmk(τ) δ
k
ν
]
δxl δxm
(1)
in Fermi normal co-ordinates, while
RR˜µν =
1
6
RRµαβν(τ) δx
α δxβ (2)
is its counterpart in Riemann normal co-ordinates, where Rµαβν(τ) is the local
expression for the Riemann tensor, and δxµ is interpreted as a space-time
quantum fluctuation with |δxµ| ≪ |xµ| to ensure that R˜µν ≪ δµν .
Suppose now that |xµ〉 = |(τ,x)〉 defines the position ket vector for normal co-
ordinates. Then, from noting that X µˆ(G)(τ,x) = e¯
µˆ
ν x
ν with ηαˆβˆX
αˆ
(G)X
βˆ
(G) =
gµν x
µ xν , it is possible to identify an expression [5] for the position ket vector
in a local Lorentz frame as |X µˆ(G)(τ,x)〉 =
∣∣∣e¯µˆν xν〉 = UProj.(τ,x) |xµ〉, where
UProj.(τ,x)= 1 + R˜
β
α x
α
∇β = 1 +
i
~
R˜βα x
α pβ (3)
is an operator to project local space-time curvature onto a local tangent space,
in terms of position and canonical momentum operators xα and pα. By trans-
forming the position ket vector defined within the curved space-time back-
ground into an equivalent expression within the local Lorentz frame, it is pos-
sible to incorporate local gravitational effects “G” within a standard Hilbert
space setting in flat space-time for each instance of τ , thereby allowing the
standard tools of Feynman path integration to become available for future
use. A schematic representation of this operation is displayed in Figure 1.
The next step is to determine the local time translation operator when applied
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to |X µˆ(G)(τ,x)〉 on the local tangent space. By analogy with the geometric de-
scription of Lie transport involving τ → τ +∆τ [12], the transformed position
ket vector is denoted by
∣∣∣X ′µˆ(G) (τ +∆τ,x+∆x)
〉
=
∣∣∣X µˆ(G) (τ +∆τ,x+∆x)−∆τ [(LξX)µˆ (τ,x)]
〉
=
∣∣∣X µˆ(G) (τ +∆τ,x+∆x)
〉
− i
~
∆τ (LξX)νˆ P νˆ |X µˆ(G) (τ,x)〉, (4)
where (LξX)µˆ = ξ νˆ(∇νˆX µˆ) − X νˆ(∇νˆξµˆ) is the Lie derivative along some
vector field ξαˆ tangent to the reference worldline, as shown in Figure 1,∣∣∣X µˆ(G) (τ +∆τ,x+∆x)
〉
=
∣∣∣[e¯µˆν(xα +∆xα)] (xν +∆xν)〉, and P αˆ is the canon-
ical momentum operator in local Lorentz frame co-ordinates. To demonstrate
path integral invariance under reparametrization of τ , allow for (LξX)µˆ →
V 0 (LξX)µˆ, where V 0 is the time component of the four-vector V µ = ∆xµ/∆τ ,
and serves as the lapse function. Obviously, τ is the proper time when V 0 = 1.
For what follows, assume that all indices are unhatted and refer to local
Lorentz frame co-ordinates. By making use of (3), it follows that
∣∣∣X ′µ(G) (τ +∆τ,x+∆x)
〉
=U∆τ (V
α, ξα) |Xµ(G) (τ,x)〉, (5)
where
U∆τ (V
α, ξα) = 1− i
~
V 0∆τ
{[
δ0α − F(R˜)αβ V
β
V 0
+ (LξX)α
]
+
i
~
ηαβ R˜λσ x
σ V
β
V 0
P λ
}
P α (6)
is the infinitesimal local time translation operator, and
F(R˜)αβ =
(
R˜αβ,µ +
1
2!
R˜ασ,βµ x
σ
)
∆xµ
+
(
1
2!
R˜αβ,µν +
1
3!
R˜ασ,βµν x
σ
)
∆xµ∆xν +O
(
(∆x)3
)
. (7)
It should be noted that
U−1∆τ (V
α, ξα)=U−∆τ (V
α, ξα) 6= U †∆τ (V α, ξα). (8)
The fact that (6) does not satisfy unitarity is not particularly surprising, since
it is well-known from spin-1/2 particle quantum mechanics in curved space-
time that the respective Dirac Hamiltonian is not strictly Hermitian [16,17].
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At the same time, the explicit coupling of ~ with space-time curvature, as
found in the last term in (6), has unexpected and important implications,
namely the demonstration of quantum mechanical weak equivalence principle
violation, as shown later in this Letter.
3 Configuration Space Path Integral in Curved Space-Time
3.1 Formal Expression for the Path Integral
Having now obtained (6), it is relatively straightforward to determine the con-
figuration space path integral, though with some subtle new features. Adopt-
ing the Heisenberg representation [5] for the initial and final position ket
vectors
∣∣∣X(G)(i) (τi,xi)
〉
and
∣∣∣X ′(G)(f) (τf ,xf)〉 = U−1(τf−τi)(V α, ξα)
∣∣∣X(G)(f) (τi,xi)
〉
, let
τf − τi = N∆τ for integer N , such that the scalar particle propagator can be
written as
〈
X
′(G)
(f) (τf ,xf)
∣∣∣X(G)(i) (τi,xi)
〉
=
〈
X
(G)
(f) (τi,xi)
∣∣∣U−1†N∆τ ∣∣∣X(G)(i) (τi,xi)
〉
=
〈
X
(G)
(f) (τi,xi)
∣∣∣
(
N∏
n=1
1(n) U
−1†
∆τ
)
1(0)
∣∣∣X (G)(i) (τi,xi)
〉
, (9)
where
1(n)=
∞∫
−∞
d3X(n)
∣∣∣X(n)(τn,xn)〉 〈X(n)(τn,xn)∣∣∣ (10)
is defined in terms of strictly flat space-time position ket vectors. The two
extra identity operators 1(0) and 1(N) are inserted in order to determine that,
to leading order in curvature,
〈
X(0)
∣∣∣X(G)(i) (τi,xi)
〉
=
∞∫
−∞
d3P (0)
(2pi~)3
[
1 +
i
~
R˜ij(τi,xi)X
j
(i)P
i
(0)
]
× exp
[
i
~
(
X(0) −X(i)
)
·P (0)
]
≈ δ3
(
X (0) −
[
X(i) − R˜ij(τi,xi)Xj(i) xˆi
])
, (11)〈
X
(G)
(f) (τi,xi)
∣∣∣X(N)〉≈ δ3 (X (N) − [X(f) − R˜ij(τi,xi)Xj(f) xˆi
])
. (12)
Given that the Hamiltonian for a free scalar particle is H(P ) =
√
P · P +m2,
6
it is possible to integrate out the intermediate momentum states exactly to
first-order in R˜µν . This is accomplished by employing the integral representa-
tion of the modified Bessel function [11,18]
K±ν (µβ)=
β−ν
2
e−iνpi/2
∞∫
0
dN Nν−1 exp
[
i µ
2
(
N − β
2
N
)]
, (13)
for ν = 1/2, with Im(µ) > 0 and Im(µβ2) < 0. Assuming that Im(∆τ) . 0
and identifying
µ=−V
0∆τ
λ¯
, (14)
β=− i
m
[
1− G(R˜)0α V
α
V 0
+ (LξX)0 +
i
~
(
R˜0α x
α Vj
V 0
− R˜jα xα
)
P j
]
×√P · P +m2 , (15)
where
G(R˜)µν =F(R˜)µν + R˜µν + R˜µα,ν xα + (R˜αα) ηµν , (16)
and λ¯ = ~/m is the scalar particle’s reduced Compton wavelength, (9) can be
recast into Gaussian form with respect to integration over P (n) at local time
τ(n).
Much of the relevant details for computing the free-particle scalar propagator
are deferred to the forthcoming longer publication [13]. However, it is relatively
straightforward to demonstrate that when V 0∆τ → dτ , (V 0∆τ)−1 → δ(0),
and V µ/V 0 → x˙µ(τ) = (1, x˙(τ)), the integration measure for the skeletonized
path integral becomes
lim
N→∞
(
1
2piλ¯ i V 0∆τ
)3N/2 N∏
n=0
∞∫
−∞
d3X(n)→
∫
D [X(τ)] , (17)
and the configuration space propagator in curved space-time becomes
〈
X
′(G)
(f) (τf ,xf)
∣∣∣X(G)(i) (τi,xi)
〉
=
∫
D [X(τ)] exp

 i
~
τf∫
τi
dτ L
(G)
(Re,0)


× exp

 i
~
τf∫
τi
dτ
(
L
(G)
(Re,1) + i
[
L
(G)
(Im,0) + λ¯ δ(0)L
(G)
(Im,1)
]) , (18)
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where the free-particle Lagrangian L(G)(τ,x(τ), x˙(τ)) = L
(G)
(Re,0) + L
(G)
(Re,1) +
i
[
L
(G)
(Im,0) + λ¯ δ(0)L
(G)
(Im,1)
]
is expressed in terms of
L
(G)
(Re,0)=−m
[
1− 1
2
{
2G(R˜)(00) + 4G(R˜)(0j) x˙j +
[
ηij + 2G(R˜)(ij)
]
x˙i x˙j
}]
≈−m
[
−g(eff.)µν x˙µ x˙ν
]1/2
, g(eff.)µν = ηµν + 2G(R˜)(µν) , (19)
the expected free-particle Lagrangian in curved space-time that generates the
geodesic equation, along with
L
(G)
(Re,1)=−m
{
(LξX)µ + 2
[
(LξX)0 δ0µ − G(R˜)0µ
]
ηij x˙
i x˙j
}
x˙µ , (20)
L
(G)
(Im,0)=m
{
λ¯
[
(LξX)α,α −H(R˜)α x˙α
]
+
1
2λ¯
R˜kα x
α x˙k
(
1− 3 ηij x˙i x˙j
)
− 1
λ¯
R˜0α x
α
(
1− 3 ηij x˙i x˙j
) (
1− ηkl x˙k x˙l
)}
, (21)
L
(G)
(Im,1)=m
{
3
2
[
(LξX)0 − G(R˜)00
]
+
5
2
[
(LξX)j − G(R˜)j0
]
x˙j
− 5
4
[
ηij + 2G(R˜)(ij)
]
x˙i x˙j +
[
(LξX)0 − G(R˜)0µ x˙µ
]
ηij x˙
i x˙j
}
,
(22)
where
H(R˜)µ=F(R˜)αµ,α + R˜αα,µ , (23)
and
X(G)(τ(i,f)) =X(τ(i,f))− R˜ij(τi,xi)Xj(τ(i,f)) xˆi (24)
from (11) and (12) in the continuum limit.
3.2 Physical Consequences
Even at a purely formal level, there are some valuable insights to be gained
from a preliminary analysis of (18). First, it contains the correct free-particle
Lagrangian (19) in the weak-field limit, with additional terms in (20) that
both preserve the conservation of probability and satisfy the weak equivalence
principle. In contrast, all the probability violating contributions due to curva-
ture, namely (21) and (22), show a direct coupling of λ¯ with the gravitational
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background, yielding a quantum violation of the weak equivalence principle at
the Compton wavelength scale.
The fact that only the probability non-conserving terms in the scalar prop-
agator are responsible for weak equivalence principle violation is especially
interesting and deserves careful analysis. In particular, it is straightforward
to see that, under the interchange of τi ↔ τf and primed-to-unprimed ket
vector notation in (18) followed by taking its Hermitian conjugate, the trans-
formed scalar propagator now reveals the existence of a time reversal symmetry
breakdown, precisely due to (21) and (22). This observation may provide a
potentially satisfactory reason for why there exists a macroscopic preference
for time to propagate in the forward direction only. Given that there is al-
ready some potential evidence for weak equivalence principle violation at the
Compton wavelength scale in the context of spin-1/2 particle propagation in
curved space-time [17], this particular observation gained from (18) is worthy
of future exploration.
4 Regularization of the Path Integral
4.1 Cartesian Co-ordinates
Explicit evaluation of (18) in skeletonized form is a straightforward exercise
involving multiple Gaussian integrations with respect to
∏N−1
n=1 d
3X (n). How-
ever, it is necessary to then regularize the propagator in order to remove all
of its singular contributions in the limit as V 0 → 0. Normally, this involves
describing (18) according to the ansatz
〈
X
′(G)
(f) (τf ,xf)
∣∣∣X(G)(i) (τi,xi)
〉
(reg.)
≡
(
1
2piλ¯ i V 0 (τf − τi)
)3/2
× exp

 i
2
m
~
(
ηµν ∆X
µ
(i→f)∆X
ν
(i→f)
)
V 0 (τf − τi)

 ∞∑
k=0
ak(x
µ
i , x
µ
f )
(
i V 0
)k
, (25)
where ∆Xµ(i→f) = X
µ
(f) − Xµ(i) and ak(xµi , xµf ) are the curvature-dependent
Seeley-DeWitt coefficients [3,8,19], whose values are determined from solving
the heat kernel equation. For (18) in skeletonized form, it so happens that it
is unnecessary to perform this calculation to achieve this objective, since the
propagator prior to the Gaussian integrations can easily be put into power se-
ries form consistent with (25), such that all inverse powers of V 0 are identified
by inspection alone and subsequently removed by hand.
While the relevant details of this computation are deferred to the aforemen-
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tioned longer publication [13], it follows that the regularized scalar particle
propagator is
〈
X
′(G)
(f) (τf ,xf)
∣∣∣X(G)(i) (τi,xi)
〉
(reg.)
=
lim
N→∞
(
1
2piλ¯ i V 0 (τf − τi)
)3/2
exp

 i
2
m
~
(
ηµν ∆X
µ
(i→f)∆X
ν
(i→f)
)
V 0 (τf − τi)


×
∞∑
k=0
N∑
n=1
1
k!



C(k,0)(n) (xµ) +
4∑
l=1
k!
(k + l)!
(−i
2N
)l C(k+l,l)(n) (xµ)
λ¯l


+ exp
[
n
N
∆Xα(i→f)
∂
∂xα
] 
C(k,0)(L,n)(xµ) +
2∑
l=1
k!
(k + l)!
(−i
2N
)l C(k+l,l)(L,n) (xµ)
λ¯l




×
(−i V 0∆τ
2λ¯
)k
exp

−i m
~

R˜(ij)(τi,xi)∆X i(i→f)∆Xj(i→f)
V 0 (τf − τi)



 , (26)
where N∆τ = τf − τi ≡ 1 and, to leading-order in curvature, the coefficients
C
(k,l)
(n) (x
µ) andC
(k,l)
(L,n)(x
µ)—the latter of which are proportional to (LξX)µ(τi,xi)—
are generally complex-valued. Again, only the probability non-conserving imag-
inary parts denote a quantum violation of the weak equivalence principle via
the explicit coupling of m to the gravitational background, as evidenced in
the case of l = 0, where
C
(k,0)
(n) (x
µ)= 1−
(
2k − 3
2
)
G(R˜)00 + 2i k
(
λ¯H(R˜)0 + 1
λ¯
R˜00 τ(n)
+
1
λ¯
R˜0j
[
X
j
(i) +
n
N
∆Xj(i→f)
])
, (27)
C
(k,0)
(L,n)(x
µ)=
(
2k − 3
2
)
(LξX)0(τi,xi)− 2i k λ¯ (LξX)α,α(τi,xi) . (28)
In addition to these new physical predictions, there also emerges the prediction
of a curvature-dependent and gauge-invariant overall phase factor in the prop-
agator, as found in the final line of (26), that is dependent upon the spatial
separation between the initial and final position states. This phase factor can
be interpreted as a manifestation of the gravitational Aharonov-Bohm effect
[20–24] and Berry’s phase [25–27], each of which are the subjects of extensive
study already. Such an effect to come from the path integral should reveal
important consequences that are also worthy of future consideration.
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4.2 Curvilinear Co-ordinates
It is also straightforward to evaluate (18) in terms of curvilinear co-ordinates,
following the established techniques first put forward by Kleinert [3,4]. This
is done by letting Xµ(τ,x) = Xµ(τ,x(q)), where q are the generalized spa-
tial curvilinear co-ordinates. Following Kleinert’s treatment of the integration
measure
∏N−1
n=1 d
3X(n) → ∏N−1n=1 d3(∆X(n)) to integrate over ∆Xj(n) in terms of
the pre-point description of Xj(n) =X
j
(n−1)+∆X
j
(n) =X
j
(0)+
∑n
k=1∆X
j
(k), it
follows that d3(∆X(n))→ d3(∆q(n)) J(q(n)), where J(q(n)) is the Jacobian ex-
pressed in terms of the affine connection Γˆijk(τ(n)) which satisfies the geodesic
equation [3,4]
d2qi(n)
dτ 2
+ Γˆijk(τ(n))
dqj(n)
dτ
dqk(n)
dτ
=0 (29)
for spatial curvature in the absence of torsion. This ensures that the short-
time action to connect infinitesimally separated events in space-time describes
classical motion in the presence of a locally curved background.
Again, with more details to be shown in the longer publication [13], it is
determined that the regularized scalar particle propagator in curvilinear co-
ordinates takes the form
〈
X
′(G)
(f) (τf ,xf)
∣∣∣X(G)(i) (τi,xi)
〉
(reg.)
=
lim
N→∞
exp
[
− i
2
N ∆τ
λ¯ V 0
]
exp
[(
i λ¯ V 0∆τ
) N−1∑
s=1
N(0)(Γˆ(s))
]
×
(
1
2piλ¯ i V 0∆τ
)3/2
exp

 i
2
m
~
(
ηij ∆X
µ
(N)∆X
ν
(N)
)
V 0∆τ


×
∞∑
k=0
N∑
n=1
1
k!



〈C(k,0)(n) (xµ)
〉
+
4∑
l=1
k!
(k + l)!
( −i
2N
)l 〈C(k+l,l)(n) (xµ)
〉
λ¯l


+ exp
[
N ∆τ
∂
∂τ
]
exp
[
∆Xj(N)
∂
∂xj
]
exp
[(
i λ¯ V 0∆τ
){1
2
h¯ab
∂
∂qa
∂
∂qb
+
N−1∑
s=1
[
N a(L,1)(Γˆ(s))
∂
∂qa
+
(
i λ¯ V 0∆τ
)
N ab(L,2)(Γˆ(s))
∂
∂qa
∂
∂qb
+
(
i λ¯ V 0∆τ
)2N abcd(L,4)(Γˆ(s)) ∂∂qa
∂
∂qb
∂
∂qc
∂
∂qd
]}] [〈
C
(k,0)
(L,n)(x
µ)
〉
11
+
2∑
l=1
k!
(k + l)!
(−i
2N
)l 〈C(k+l,l)(L,n) (xµ)
〉
λ¯l




(−i V 0∆τ
2λ¯
)k
, (30)
where h¯ab = ηij (∂qa/∂xi) (∂qb/∂xj) is the inverse of the induced metric hab =
ηij (∂x
i/∂qa) (∂xj/∂qb) in curvilinear co-ordinates,N abc···(Γˆ) is a multi-indexed
function of the affine connection, and
〈
C(k,l)(xµ)
〉
in (30) comprises of terms
coupled to even powers of ∆Xj(n) that survive the integration over d
3(∆X (n)),
with X(0,N) =X
(G)(τ(i,f)) from (24).
5 Conclusion
This Letter demonstrates a fundamentally different approach to path inte-
gral quantum mechanics in curved space-time for a scalar relativistic particle,
strongly motivated by Feynman’s original vision of a sum-over-histories, but in
terms of propagation due to a non-unitary local time translation operator that
incorporates local curvature contributions. It reveals what appear to be sig-
nificant physical predictions, with potentially broad implications concerning
quantum mechanical interactions in a non-trivial gravitational field.
From this approach shown above, a configuration space propagator for a par-
ticle of mass m is derived that reveals the prediction of a quantum violation of
the weak equivalence principle at the Compton wavelength scale, some twenty
orders of magnitude larger than the Planck scale if m is a subatomic particle.
This indicates the significant potential for identifying fundamental relation-
ships between quantum matter and space-time curvature that would other-
wise be obscured from view by adopting a strictly unitary time translation
perspective. The fact that only the probability non-conserving contributions
to the propagator violate the weak equivalence principle suggests the predic-
tion that time reversal symmetry is satisfied only at a strictly classical length
scale, and that its breakdown results in a preferred arrow of time motivated
by quantum mechanics alone. Furthermore, there exists the prediction of a
curvature-dependent and gauge-invariant phase factor identified as the gravi-
tational analogue of the Aharonov-Bohm effect and Berry’s phase, worthy of
a deeper investigation to probe its physical consequences.
It is worthwhile to consider further developments of this approach when ap-
plied to non-zero integer and half-integer spin particles [28]. The results de-
rived from this treatment may provide the foundation for later considering
a many-body particle treatment in curved space-time, ultimately leading to-
wards an alternative approach to quantum field theory in curved space-time
that may be compared with established approaches contained within the lit-
erature [8].
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